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Qihong Xie Jian Wu
Dedicated to Professor Yujiro Kawamata for his sixtieth birthday
Abstract
A smooth schemeX over a field k of positive characteristic is said to be strongly
liftable over W2(k), if X and all prime divisors on X can be lifted simultaneously
over W2(k). In this paper, we first deduce the Kummer covering trick over W2(k),
which can be used to construct a large class of smooth projective varieties liftable
overW2(k), and to give a direct proof of the Kawamata-Viehweg vanishing theorem
on strongly liftable schemes. Secondly, we generalize almost all of the results in
[Xie10, Xie11] to the case where everything is considered over W (k), the ring of
Witt vectors of k.
1 Introduction
Throughout this paper, we always work over an algebraically closed field k of character-
istic p > 0 unless otherwise stated. A smooth scheme X is said to be strongly liftable
over W2(k), if X and all prime divisors on X can be lifted simultaneously over W2(k).
This notion was first introduced in [Xie10] to study the Kawamata-Viehweg vanish-
ing theorem in positive characteristic, furthermore, some examples and properties of
strongly liftable schemes were also given in [Xie10, Xie11].
In this paper, we shall continue to study strongly liftable schemes. First of all, we
deduce the Kummer covering trick over W2(k) by means of the logarithmic techniques
developed by K. Fujiwara, K. Kato and C. Nakayama. The Kummer covering trick
over W2(k) can be used to construct a large class of smooth projective varieties liftable
over W2(k) (see §3 for more details).
Theorem 1.1. Let X be a smooth projective variety strongly liftable over W2(k), D a
Q-divisor on X such that the fractional part 〈D〉 =
∑
i∈I
ai
bi
Di satisfies that 0 < ai < bi,
(ai, bi) = 1 and p ∤ bi for all i ∈ I, and
∑
i∈I Di is simple normal crossing. Then there
exists a finite Galois morphism τ : Y → X with Galois group G = Gal(K(Y )/K(X)),
such that τ∗D is integral and Y is a smooth projective variety liftable over W2(k).
As an application, the Kummer covering trick over W2(k) gives a direct proof of
the Kawamata-Viehweg vanishing theorem on strongly liftable schemes.
∗This paper was partially supported by the National Natural Science Foundation of China (Grant
No. 11231003 and 11271070), and the Scientific Research Foundation for the Returned Overseas Chi-
nese Scholars, State Education Ministry.
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Corollary 1.2. Let X be a strongly liftable smooth projective variety of dimension d,
and D an ample Q-divisor on X such that Supp〈D〉 is simple normal crossing. Then
we have H i(X,KX + pDq) = 0 for any i > d− inf(d, p).
Secondly, we generalize almost all of the results in [Xie10, Xie11] to the case where
everything is considered over W (k), the ring of Witt vectors of k. A smooth scheme
X is said to be strongly liftable over W (k), if X and all prime divisors on X can be
lifted simultaneously over W (k). The following is the main result in §4.
Theorem 1.3. The following varieties are strongly liftable over W (k):
(i) Ank , P
n
k and a smooth projective curve;
(ii) a smooth projective variety of Picard number 1 which is a complete intersection
in Pnk ;
(iii) A smooth projective rational surface;
(iv) A smooth projective toric variety.
Finally, by means of cyclic covers over toric varieties, we can obtain a large class
of smooth projective varieties liftable over W (k) (see Theorem 4.12 and Corollary 4.13
for more details).
Corollary 1.4. Let X be a smooth projective toric variety, and L an invertible sheaf
on X. Let N be a positive integer prime to p, and D an effective divisor on X with
LN = OX(D) and Sing(Dred) = ∅. Let π : Y → X be the cyclic cover obtained by
taking the N -th root out of D. Then Y is a smooth projective scheme liftable over
W (k).
In §2, we will recall some definitions and preliminary results of liftings over W2(k).
The Kummer covering trick over W2(k) will be treated in §3. We will give the gener-
alizations to W (k) in §4. For the necessary notions and results in birational geometry,
we refer the reader to [KMM87].
Notation. We use [B] =
∑
[bi]Bi (resp. pBq =
∑
pbiqBi, 〈B〉 =
∑
〈bi〉Bi) to denote
the round-down (resp. round-up, fractional part) of a Q-divisor B =
∑
biBi, where for
a real number b, [b] := max{n ∈ Z |n ≤ b}, pbq := −[−b] and 〈b〉 := b − [b]. We use
Sing(Dred) (resp. Supp(D)) to denote the singular locus of the reduced part (resp. the
support) of a divisor D. We use K(X) to denote the field of rational functions of an
integral scheme X.
Acknowledgments. We are deeply indebted to Professor Luc Illusie for pointing out
a mistake in an earlier version of this paper and providing a new proof of Theorem 3.1
by means of the logarithmic techniques. We would also like to thank the referee for
giving many useful comments, which make this paper more readable.
2 Preliminaries
Definition 2.1. LetW2(k) be the ring of Witt vectors of length two of k. ThenW2(k)
is flat over Z/p2Z, andW2(k)⊗Z/p2ZFp = k. The following definition [EV92, Definition
8.11] generalizes the definition [DI87, 1.6] of liftings of k-schemes over W2(k).
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Let X be a noetherian scheme over k, and D =
∑
Di a reduced Cartier divisor
on X. A lifting of (X,D) over W2(k) consists of a scheme X˜ and closed subschemes
D˜i ⊂ X˜, all defined and flat over W2(k) such that X = X˜ ×SpecW2(k) Speck and
Di = D˜i ×SpecW2(k) Speck. We write D˜ =
∑
D˜i and say that (X˜, D˜) is a lifting of
(X,D) over W2(k), if no confusion is likely.
Let L be an invertible sheaf on X. A lifting of (X,L) consists of a lifting X˜ of X
over W2(k) and an invertible sheaf L˜ on X˜ such that L˜|X = L. For simplicity, we say
that L˜ is a lifting of L on X˜ , if no confusion is likely.
Let X˜ be a lifting of X over W2(k). Then OX˜ is flat over W2(k), hence flat over
Z/p2Z. Note that there is an exact sequence of Z/p2Z-modules:
0→ p · Z/p2Z→ Z/p2Z
r
→ Z/pZ→ 0,
and a Z/p2Z-module isomorphism p : Z/pZ→ p · Z/p2Z. Tensoring the above by OX˜ ,
we obtain an exact sequence of OX˜ -modules:
0→ p · OX˜ → OX˜
r
→ OX → 0, (1)
and an OX˜ -module isomorphism
p : OX → p · OX˜ , (2)
where r is the reduction modulo p satisfying p(x) = px˜, r(x˜) = x for x ∈ OX , x˜ ∈ OX˜ .
Definition 2.2. Let X be a smooth scheme over k. X is said to be strongly liftable
over W2(k), if there is a lifting X˜ of X over W2(k), such that for any prime divisor D
on X, (X,D) has a lifting (X˜, D˜) over W2(k) as in Definition 2.1, where X˜ is fixed for
all liftings D˜.
Let X be a smooth scheme over k, X˜ a lifting of X over W2(k), D a prime divisor
on X and LD = OX(D) the associated invertible sheaf on X. Then there is an exact
sequence of abelian sheaves:
0→ OX
q
→ O∗
X˜
r
→ O∗X → 1, (3)
where q(x) = p(x) + 1 for x ∈ OX , p : OX → p · OX˜ is the isomorphism (2) and r
is the reduction modulo p. The exact sequence (3) gives rise to an exact sequence of
cohomology groups:
H1(X˜,O∗
X˜
)
r
→ H1(X,O∗X )→ H
2(X,OX ). (4)
If r : H1(X˜,O∗
X˜
) → H1(X,O∗X ) is surjective, then LD has a lifting L˜D. We combine
(1) and (2) to obtain an exact sequence of O
X˜
-modules:
0→ OX
p
→ O
X˜
r
→ OX → 0. (5)
Tensoring (5) by L˜D, we have an exact sequence of OX˜ -modules:
0→ LD
p
→ L˜D
r
→ LD → 0,
which gives rise to an exact sequence of cohomology groups:
H0(X˜, L˜D)
r
→ H0(X,LD)→ H
1(X,LD). (6)
There is a criterion for strong liftability over W2(k) [Xie11, Proposition 2.5].
3
Proposition 2.3. Let X be a smooth scheme over k, and X˜ a lifting of X over W2(k).
If for any prime divisor D on X, there is a lifting L˜D of LD = OX(D) on X˜ such that
the natural map r : H0(X˜, L˜D) → H
0(X,LD) is surjective, then X is strongly liftable
over W2(k).
3 Kummer covering trick over W2(k)
The Kummer covering trick [Ka81, Theorem 17], due to Kawamata, is a powerful
technique in birational geometry of algebraic varieties. The following theorem, i.e. the
Kummer covering trick over W2(k), is the main result in this section.
Theorem 3.1. Let X be a smooth projective variety strongly liftable over W2(k), D a
Q-divisor on X such that the fractional part 〈D〉 =
∑
i∈I
ai
bi
Di satisfies that 0 < ai < bi,
(ai, bi) = 1 and p ∤ bi for all i ∈ I, and
∑
i∈I Di is simple normal crossing. Then there
exists a finite Galois morphism τ : Y → X from a smooth projective variety Y with
Galois group G = Gal(K(Y )/K(X)) which satisfies the following conditions:
(i) τ∗D becomes an integral divisor on Y ;
(ii) OX([D]) ∼= (τ∗OY (τ
∗D))G, OX(KX + pDq) ∼= (τ∗OY (KY + τ
∗D))G, where G
acts naturally on τ∗OY (τ
∗D) and on τ∗OY (KY +τ
∗D). Via these isomorphisms,
OX([D]) (resp. OX(KX+pDq)) turns out to be a direct summand of τ∗OY (τ
∗D)
(resp. τ∗OY (KY + τ
∗D)); and
(iii) Y is liftable over W2(k).
We shall prove the Kummer covering trick and reprove the cyclic cover trick over
W2(k) by means of the logarithmic techniques developed by K. Fujiwara, K. Kato and
C. Nakayama. For the necessary definitions and results for the logarithmic theory, e.g.
log structure, fs log scheme, log e´tale morphism, Kummer e´tale cover, log regular and
so on, we refer the reader to [Ka89, Ka94], [Na97] and [Il02]. It should be mentioned
that almost all of the arguments in this section are essentially due to L. Illusie.
First of all, we recall [Il02, Theorem 7.6] as follows.
Theorem 3.2. Let X be a noetherian, log regular fs log scheme, with open subset of
triviality of the log structure U , and let D = X −U . Let Kcov(X) denote the category
of finite Kummer e´tale covers of X, and Etcovtame(U) the category of classical finite
e´tale covers of U which are tamely ramified along D. Then the restriction functor
Kcov(X)→ Etcovtame(U) (7)
is an equivalence of categories.
In this section, we always focus on a particular case where X is a regular scheme,
whose log structure is defined by a simple normal crossing divisor D =
∑
i∈I Di, then
Theorem 3.2 is a simple application of a lemma of Abhyankar. In this case, a quasi-
inverse to (7) is obtained by associating to a classical finite e´tale cover V of U , tamely
ramified along D, the normalization Y of X in V .
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Theorem 3.3. Let X ⊂ X˜ be an exact closed immersion of fs log schemes, given by an
ideal sheaf I of square zero. Let f : Y → X be a log e´tale morphism of fs log schemes.
Then there exists a log e´tale morphism f˜ : Y˜ → X˜, which is a lifting of f : Y → X
and is unique up to a unique isomorphism.
Proof. Let ω = ω1Y/X be the relative sheaf of log differentials of f , and ω
∨ the dual
sheaf of ω. By [Ka89, Proposition 3.14], there is an obstruction in H2(Y, ω∨ ⊗ I) to
the existence of such a lifting, moreover isomorphism classes of liftings form an affine
space under H1(Y, ω∨ ⊗I) and the automorphism group of a lifting is H0(Y, ω∨ ⊗ I).
By assumption, f : Y → X is log e´tale, hence ω = 0, which implies that the above
three cohomology groups are all zero.
Lemma 3.4. With notation and assumptions as in Theorem 3.3, if furthermore f :
Y → X is a finite Kummer e´tale cover, then so is f˜ : Y˜ → X˜.
Proof. Locally for the e´tale topology, any Kummer e´tale cover is isomorphic to a
standard Kummer e´tale cover (cf. [St02, 3.1.4]). Therefore, e´tale locally around a
geometric point x of X, there is a chart P → MX and a Kummer morphism P → Q
of fs monoids with Qgp/P gp annihilated by an integer n invertible on X, such that
f : Y → X is the fs pullback of the morphism SpecZ[Q] → SpecZ[P ] (cf. [Il02,
Proposition 3.2 and Definition 3.5]):
Y
f

// SpecZ[Q]

X // SpecZ[P ].
Since X ⊂ X˜ is an exact closed immersion and the lifting f˜ : Y˜ → X˜ is unique, there
is a lifting P →MX˜ such that f˜ : Y˜ → X˜ is the fs pullback of the same morphism by
the lifted chart X˜ → SpecZ[P ]:
Y˜
f˜

// SpecZ[Q]

X˜ // SpecZ[P ].
Thus f˜ : Y˜ → X˜ is also a finite Kummer e´tale cover.
Lemma 3.5. Let X be a regular scheme, and L an invertible sheaf on X. Let n be a
positive integer prime to p, and
∑
i∈I Di a simple normal crossing divisor on X such
that Ln ∼= OX(
∑
i∈I aiDi) for some integers ai > 0. Then the associated cyclic cover
f : Y → X is a finite Kummer e´tale cover with Galois group µn.
Proof. E´tale locally around a geometric point x of X, f : Y → X is given by a cartesian
square of fs log schemes:
Y
f

// SpecZ[Q]

X // SpecZ[Nr],
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where the lower morphism is induced by a chart Nr →MX sending ei ∈ N
r to ti, where
(ti)i∈J is a set of local equations of the branches of
∑
i∈I Di passing through x, and Q
is given by a cocartesian square of fs monoids:
N // Q
N
n·
OO
σ // Nr,
OO
where σ(1) = (ai)i∈J , i.e. Q is the saturation of the amalgamated sum of l 7→ nl and
σ. Indeed, denote by f ′ : Y ′ → X the fs pullback of SpecZ[Q] → SpecZ[Nr] by the
morphism X → SpecZ[Nr]. Then f ′ : Y ′ → X is a Kummer e´tale cover by [Il02,
Proposition 3.2]. Since X is log regular and f ′ : Y ′ → X is log e´tale, Y ′ is also log
regular, hence is normal by [Il02, 7.3(c,e)]. Over the complement of
∑
i∈I Di, Y
′ is
the classical µn-e´tale cover defined by the equation z
n =
∏
i∈J t
ai
i , so Y
′ is just the
normalization of X in this classical e´tale cover, which coincides with the definition of
the cyclic cover Y (cf. [EV92, Chapter 3]).
Theorem 3.6. Let X be a smooth scheme over S = Spec k, and L an invertible sheaf
on X. Let n be a positive integer prime to p, and
∑
i∈I Di a simple normal crossing
divisor on X such that Ln ∼= OX(
∑
i∈I aiDi) for some integers ai > 0. Assume that
(X,
∑
i∈I Di) has a lifting (X˜,
∑
i∈I D˜i) over S˜ = SpecW2(k). Then the associated
cyclic cover f : Y → X is liftable over S˜.
Proof. Put the trivial log structure on both S and S˜, and put the log structureMX˜ on
X˜ given by the family {O
X˜
(D˜i), i ∈ I} (cf. [Ka89, Complement 1]). Then X˜/S˜ is a log
smooth lifting of X/S, having e´tale locally a chart Nr →MX˜ , whose composition with
M
X˜
→ O
X˜
sends ei ∈ N
r to a local equation t˜i of the lifting D˜i of Di. By Theorem
3.3, Lemmas 3.4 and 3.5, f : Y → X is a finite Kummer e´tale cover, hence globally
lifts to a finite Kummer e´tale cover f˜ : Y˜ → X˜, which e´tale locally on X˜ is a standard
Kummer e´tale cover modeled on Nr → Q as in Lemma 3.5. X˜ is log smooth over S˜
and f˜ : Y˜ → X˜ is log e´tale, hence Y˜ is log smooth over S˜, in particular is flat (as a
scheme) over S˜. Thus Y˜ is a lifting of Y over S˜.
From now on, we return to the proof of Theorem 3.1 and first give a similar con-
struction to that in [KMM87, Theorem 1-1-1]. Let d = dimX. Take a positive integer
m such that m〈D〉 is integral, p ∤ m and m is sufficiently large if necessary. Take
a very ample divisor M on X such that mM − Di is also very ample for all i ∈ I.
Take general members H
(i)
k ∈ |mM − Di| for all i ∈ I and 1 ≤ k ≤ d such that
Supp〈D〉∪Supp(Σi,kH
(i)
k ) is a simple normal crossing divisor. Let X = ∪α∈AUα be an
affine open cover of X which trivializes M , {aαβ ∈ H
0(Uα ∩ Uβ,O
∗
X)} the transition
function of M , and {ϕ
(i)
kα ∈ H
0(Uα,OX )} local sections such that
(H
(i)
k +Di)|Uα = div(ϕ
(i)
kα) on Uα and ϕ
(i)
kα = a
m
αβϕ
(i)
kβ on Uα ∩ Uβ.
Note that K(X)
[
(ϕ
(i)
kα)
1/m
]
i,k
= K(X)
[
(ϕ
(i)
kβ)
1/m
]
i,k
for any α, β ∈ A, so we can take
the normalization of X in K(X)
[
(ϕ
(i)
kα)
1/m
]
i,k
for some α ∈ A, which is denoted by
6
Y . Since K(Y )/K(X) is a Kummer extension, the induced morphism τ : Y → X is a
finite Galois morphism.
Take any closed point x ∈ Uα and set Ix = {i ∈ I |x ∈ Di}. Then for each i ∈ Ix,
there exists 1 ≤ ki ≤ d such that x 6∈ H
(i)
ki
. Put
Rx = {ϕ
(i)
kiα
| i ∈ Ix} ∪ {ϕ
(i)
kα/ϕ
(i)
kiα
| i ∈ Ix, x ∈ H
(i)
k } ∪ {ϕ
(i)
kα | i ∈ I \ Ix, x ∈ H
(i)
k }.
Then the equations in Rx form a part of a regular system of parameters of OX,x. Put
Tx = {ϕ
(i)
kα/ϕ
(i)
kiα
| i ∈ Ix, x 6∈ H
(i)
k } ∪ {ϕ
(i)
kα | i ∈ I \ Ix, x 6∈ H
(i)
k }.
Then any equation ψ ∈ Tx is a unit in OX,x. Since p ∤ m, by the same argument as in
[KMM87, Lemma 1-1-2], we can prove that Y is nonsingular, hence is smooth over k.
Lemma 3.7. The induced morphism τ : Y → X is a finite Kummer e´tale cover.
Proof. Put the log structure on X defined by the simple normal crossing divisor
Supp〈D〉 ∪ Supp(Σi,kH
(i)
k ). Let ti and si,k (i ∈ I, 1 ≤ k ≤ d) be the local param-
eters of Di and H
(i)
k respectively. E´tale locally around a geometric point x of X,
τ : Y → X is given by a cartesian square of fs log schemes:
Y
τ

// SpecZ[Q]

X // SpecZ[Nr],
where the lower morphism is induced by a chart Nr → MX sending ei ∈ N
r to tisi,ki ,
si,k/si,ki and tisi,k respectively, which are described as in Rx, and Q is given by a
cocartesian square of fs monoids:
N // Q
N
m·
OO
σ // Nr,
OO
where σ(1) = (1, · · · , 1), i.e. Q is the saturation of the amalgamated sum of l 7→ ml
and σ. Indeed, denote by τ ′ : Y ′ → X the fs pullback of SpecZ[Q] → SpecZ[Nr]
by the morphism X → SpecZ[Nr]. Then τ ′ : Y ′ → X is a Kummer e´tale cover
by [Il02, Proposition 3.2]. Since X is log regular and τ ′ : Y ′ → X is log e´tale,
Y ′ is also log regular, hence is normal by [Il02, 7.3(c,e)]. Over the complement of
Supp〈D〉 ∪ Supp(Σi,kH
(i)
k ), Y
′ is the classical e´tale cover defined by the equations
zmi,k = tisi,k (i ∈ I, 1 ≤ k ≤ d), so Y
′ is just the normalization of X in this classical
e´tale cover, which coincides with the construction of Y .
Proof of Theorem 3.1. Let X˜ be a lifting of X over W2(k) as in Definition 2.2, D˜i
liftings of Di and H˜
(i)
k liftings of H
(i)
k for all i ∈ I and 1 ≤ k ≤ d. Put the trivial log
structure on both S = Speck and S˜ = SpecW2(k), and put the log structure MX˜ on
X˜ given by the family {O
X˜
(D˜i),OX˜(H˜
(i)
k ), i ∈ I, 1 ≤ k ≤ d} (cf. [Ka89, Complement
1]). Then X˜/S˜ is a log smooth lifting of X/S. By Theorem 3.3, Lemmas 3.4 and 3.7,
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τ : Y → X is a finite Kummer e´tale cover, hence globally lifts to a finite Kummer e´tale
cover τ˜ : Y˜ → X˜, which e´tale locally on X˜ is a standard Kummer e´tale cover modeled
on Nr → Q as in Lemma 3.7. X˜ is log smooth over S˜ and τ˜ : Y˜ → X˜ is log e´tale,
hence Y˜ is log smooth over S˜, in particular is flat (as a scheme) over S˜. Thus Y˜ is a
lifting of Y over S˜, which proves the condition (iii). As for the conditions (i) and (ii),
the proof is similar to that in [KMM87, Theorem 1-1-1].
Remark 3.8. The most difficult part in Theorem 3.1 is to prove that Y is liftable over
W2(k). The variety Y was constructed affine locally and defined to be the normalization
of X in a certain Kummer extension. In fact, liftings Y˜ of Y can be easily and naturally
constructed on affine pieces, and it is a naive method to glue these liftings together to
get a global lifting Y˜ of Y . However, we encountered many difficulties in this way, and
finally, we had to use the logarithmic techniques to yield the required global lifting Y˜
of Y in the proof of Theorem 3.1.
By means of the Kummer covering trick over W2(k), we can construct a large
class of liftable smooth projective varieties from strongly liftable schemes. On the
other hand, the following corollary, i.e. the Kawamata-Viehweg vanishing theorem
[Ka82, Vi82] on strongly liftable schemes, is a direct consequence of Theorem 3.1. It
should be mentioned that Corollary 3.9 has already been proved in [Ha98] and [MO05]
by different methods.
Corollary 3.9. Let X be a strongly liftable smooth projective variety of dimension d,
and D an ample Q-divisor on X such that Supp〈D〉 is simple normal crossing. Then
we have H i(X,KX + pDq) = 0 for any i > d− inf(d, p).
Proof. We write 〈D〉 =
∑
i∈I
ai
bi
Di such that 0 < ai < bi, (ai, bi) = 1 for all i ∈ I,
and
∑
i∈I Di is simple normal crossing. Since ampleness is an open condition, we can
change the coefficients ai/bi slightly such that D is still ample, and p ∤ bi for all i ∈ I,
whereas pDq is unchanged.
Let τ : Y → X be a Kummer covering associated to D as in Theorem 3.1. Then Y
is a smooth projective variety which is liftable over W2(k). By the Kodaira vanishing
theorem [DI87, Corollaire 2.8], we have H i(Y,KY + τ
∗D) = 0 for any i > d− inf(d, p).
By Theorem 3.1(ii), there is an injection H i(X,KX + pDq) →֒ H
i(X, τ∗OY (KY +
τ∗D)) = H i(Y,KY + τ
∗D), hence H i(X,KX + pDq) = 0 holds for any i > d −
inf(d, p).
4 Strongly liftable schemes over W (k)
In this section, we shall generalize almost all of the results in [Xie10, Xie11] to the case
where everything is considered over W (k), the ring of Witt vectors of k. First of all,
we give some definitions and preliminary results.
Definition 4.1. Denote W (k) the ring of Witt vectors of k. The underlying set of
W (k) is just kN, so a Witt vector is written as a = (a0, a1, · · · , an, · · · ), where ai ∈ k
are called the coordinates of a. For a, b ∈ W (k), the addition and the multiplication
of a and b in W (k) are defined as follows:
a+ b = (S0(a, b), S1(a, b), · · · , Sn(a, b), · · · ),
a · b = (P0(a, b), P1(a, b), · · · , Pn(a, b), · · · ),
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where Sn and Pn are certain polynomials with integral coefficients in the coordinates
of a and b with indices ≤ n:
S0(a, b) = a0 + b0, S1(a, b) = a1 + b1 −
∑
0<i<p
1
p
(
p
i
)
ai0b
p−i
0 , · · · ,
P0(a, b) = a0b0, P1(a, b) = a
p
0b1 + b
p
0a1, · · · .
The unit element of W (k) is the vector (1, 0, · · · , 0, · · · ).
Let n ≥ 1 be an integer. The set kn, with the addition (resp. multiplication) defined
by the polynomials Si (resp. Pi) for 0 ≤ i ≤ n− 1, is a quotient ring of W (k), denoted
by Wn(k), called the ring of Witt vectors of length n of k. We have that W1(k) = k
and W (k) = lim
←−
Wn(k) is the inverse limit of Wn(k) under the following surjective
homomorphisms of rings, which are called restriction maps:
R :Wn+1(k)→Wn(k), (a0, a1, · · · , an) 7→ (a0, a1, · · · , an−1).
There is a homomorphism of W (k)-modules, which is called a shift map:
V : W (k)→ W (k), (a0, a1, · · · , an, · · · ) 7→ (0, a0, · · · , an−1, · · · ).
By passage to the quotient, we have a homomorphism of Wn+1(k)-modules:
V : Wn(k)→Wn+1(k), (a0, a1, · · · , an−1) 7→ (0, a0, · · · , an−1).
We have the following exact sequences for any n,m ≥ 1:
0→W (k)
V n
→ W (k)
r
→Wn(k)→ 0, (8)
0→Wm(k)
V n
→ Wn+m(k)
Rm
→ Wn(k)→ 0. (9)
We refer the reader to [Se79, II, §6] for more details.
Next, we will give some definitions of liftings over W∗(k), which generalize those
notions as in Definition 2.1, where ∗ = null or n ≥ 2 unless otherwise stated.
Definition 4.2. Let X be a noetherian scheme over k, and D =
∑
Di a reduced
Cartier divisor on X. A lifting of (X,D) over W∗(k) consists of a scheme X˜ and closed
subschemes D˜i ⊂ X˜, all defined and flat overW∗(k), such that X = X˜×SpecW∗(k)Spec k
and Di = D˜i ×SpecW∗(k) Speck. We write D˜ =
∑
D˜i and say that (X˜, D˜) is a lifting
of (X,D) over W∗(k), if no confusion is likely.
Let L be an invertible sheaf on X. A lifting of (X,L) over W∗(k) consists of a
lifting X˜ of X over W∗(k) and an invertible sheaf L˜ on X˜ such that L˜|X = L. For
simplicity, we say that L˜ is a lifting of L on X˜ , if no confusion is likely.
Let X be a smooth scheme over k. We say that X˜ is a smooth lifting of X over
W∗(k), if X˜ is smooth over W∗(k) and X = X˜ ×SpecW∗(k) Speck.
Assume that X˜ is a lifting of X over W (k), then Xn := X˜ ×SpecW (k) SpecWn(k)
is a lifting of X over Wn(k) for any n ≥ 2. Tensoring (8) and (9) by OX˜ , we have the
following exact sequences for any n,m ≥ 1:
0→ O
X˜
V n
→ O
X˜
r
→ OXn → 0, (10)
0→ OXm
V n
→ OXn+m
Rm
→ OXn → 0. (11)
Note that if everything is considered over W2(k), then Definition 4.3 coincides with
Definition 2.2 by [Xie11, Lemma 2.2].
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Definition 4.3. Let X be a smooth scheme over k. X is said to be strongly liftable
over W∗(k), if there is a smooth lifting X˜ of X over W∗(k), such that for any prime
divisor D on X, (X,D) has a lifting (X˜, D˜) over W∗(k) as in Definition 4.2, where X˜
is fixed for all liftings D˜.
Lemma 4.4. Let X be a smooth scheme over k, D =
∑
Di a reduced divisor on X,
and Z ⊂ X a closed subscheme smooth over k of codimension s ≥ 2. Let π : X ′ → X
be the blow-up of X along Z with the exceptional divisor E, and D′ = π−1∗ D the
strict transform of D. If there are schemes Z˜ ⊂ X˜, all defined and smooth over
W∗(k), and closed subschemes D˜i ⊂ X˜, all defined and flat over W∗(k), such that
X˜ ×SpecW∗(k) Spec k = X, Z˜ ×SpecW∗(k) Spec k = Z and D˜i ×SpecW∗(k) Speck = Di,
then (X ′,D′ + E) has a lifting over W∗(k).
Proof. It is similar to that of [Xie10, Lemma 2.4].
Lemma 4.5. Let X be a smooth scheme over k, and P ∈ X a closed point. If X˜ is a
smooth lifting of X over W∗(k), then there exists a closed subscheme P˜ ⊂ X˜ such that
P˜ is smooth over W∗(k) and P˜ ×SpecW∗(k) Spec k = P .
Proof. Let Xn be the induced lifting from X˜ of X over Wn(k) for any n < ∗ if ∗ 6=
null, or for any n ≥ 2 if ∗ = null. For simplicity, denote X1 = X and P1 = P . Assume
that there exists a closed subscheme Pn ⊂ Xn such that Pn is smooth over Wn(k) and
Pn ×SpecWn(k) SpecWm(k) = Pm for any m ≤ n.
Consider the following commutative diagram:
SpecWn(k) _

  Pn // Xn
  // Xn+1
ηn+1

SpecWn+1(k)
ξn+1
44
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
SpecWn+1(k)
Since SpecWn(k) →֒ SpecWn+1(k) is a closed immersion with ideal sheaf square
zero and ηn+1 : Xn+1 → SpecWn+1(k) is smooth, there exists a morphism ξn+1 :
SpecWn+1(k) → Xn+1 such that the induced diagrams are commutative. Since ξn+1
is a section of ηn+1, it defines a closed subscheme Pn+1 ⊂ Xn+1 smooth over Wn+1(k).
By the upper commutativity, we have Pn = Pn+1 ×SpecWn+1(k) SpecWn(k).
If ∗ 6= null, then the conclusion is proved by induction. If ∗ = null, then we have
morphisms ζn : SpecWn(k)
ξn
→ Xn →֒ X˜, hence homomorphisms ζ
∗
n : OX˜ → Wn(k)
which are compatible for any n ≥ 1. Thus we obtain an induced homomorphism
ζ∗ = lim←− ζ
∗
n : OX˜ → lim←−Wn(k) =W (k), which defines a closed subscheme P˜ ⊂ X˜ such
that P˜ is smooth over W (k) and P˜ ×SpecW (k) Speck = P .
Proposition 4.6. Let X be a smooth scheme over k with dimX ≥ 2, P ∈ X a closed
point, and π : X ′ → X the blow-up of X along P . If X is strongly liftable over W∗(k),
then X ′ is strongly liftable over W∗(k).
Proof. It is similar to that of [Xie10, Proposition 2.6] by using Lemmas 4.4 and 4.5.
Theorem 4.7. Let X be a smooth projective variety. If H2(X,TX) = H
2(X,OX ) = 0,
then X has a smooth lifting over W (k).
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Proof. By [Se79, II, Theorem 3], W (k) is a complete discrete valuation ring with
residue field k, so the conclusion follows from [SGA 1, Expose´ III, The´ore`me 7.3].
Theorem 4.8. The following varieties are strongly liftable over W (k):
(i) Ank , P
n
k and a smooth projective curve;
(ii) a smooth projective variety of Picard number 1 which is a complete intersection
in Pnk .
Proof. It is similar to those of [Xie10, Lemmas 3.1–3.3], whereas for a smooth projective
curve, its strong liftability follows from Theorem 4.7 and Lemma 4.5.
Let X be a smooth scheme over k, X˜ a lifting of X over W (k), L an invertible
sheaf on X, and L˜ a lifting of L on X˜ . Tensoring (10) by L˜, we have the following
exact sequence:
0→ L˜
V
→ L˜
r
→ L → 0.
There is a criterion for strong liftability over W (k) similar to Proposition 2.3.
Proposition 4.9. Let X be a smooth scheme over k, and X˜ a smooth lifting of X
over W (k). If for any prime divisor D on X, there is a lifting L˜D of LD = OX(D)
on X˜ such that the natural map r : H0(X˜, L˜D)→ H
0(X,LD) is surjective, then X is
strongly liftable over W (k).
Proof. Let s ∈ H0(X,LD) be a section corresponding to the prime divisor D. By
assumption, there is a section s˜ ∈ H0(X˜, L˜D) with r(s˜) = s. Let D˜ = div0(s˜) be the
divisor of zeros of s˜. Then it is easy to see that D˜ ×SpecW (k) Speck = D. To prove
the flatness of D˜ over W (k), note first that OD˜ is idealwise separated for the maximal
ideal of W (k), so by the local criteria of flatness [Ma80, (20.C) Theorem 49], it suffices
to prove that Tor
W (k)
1 (OD˜, k) = 0. Considering the following exact sequence:
0→ OX˜(−D˜)→ OX˜ → OD˜ → 0,
and taking its long exact sequence for −⊗W (k) k, we obtain an exact sequence:
0→ Tor
W (k)
1 (OD˜, k)→ OX˜(−D˜)⊗W (k) k → OX → OD → 0. (12)
To prove that Tor
W (k)
1 (OD˜, k) = 0, by (12), it suffices to prove that OX˜(−D˜)⊗W (k)k =
OX(−D), which is clear from the construction of D˜. Thus D˜ is flat over W (k), whence
D˜ is a lifting of D over W (k).
Theorem 4.10. A smooth projective toric variety is strongly liftable over W (k).
Proof. It is similar to that of [Xie11, Theorem 3.1], which depends heavily on [Fu93,
Page 66, Lemma].
Theorem 4.11. A smooth projective rational surface is strongly liftable over W (k).
11
Proof. Let X be a smooth projective rational surface over k. If X ∼= P2k, then the
conclusion was already proved in Theorem 4.8. If X 6∼= P2k, then there is a birational
morphism X → Fn = P(OP1
k
⊕ OP1
k
(−n)), which is the composition of a sequence of
blow-ups along closed points. Since the Hirzebruch surface Fn is toric, hence is strongly
liftable over W (k) by Theorem 4.10. It follows from Proposition 4.6 that X is strongly
liftable over W (k).
Finally, we give two results on cyclic covers over W (k).
Theorem 4.12. Let X be a smooth projective variety, and L an invertible sheaf on
X. Let N be a positive integer prime to p, and D an effective divisor on X with
LN = OX(D) and Sing(Dred) = ∅. Let π : Y → X be the cyclic cover obtained by
taking the N -th root out of D. If X has a lifting X˜ over W (k), L has a lifting L˜ on X˜,
and D has a lifting D˜ on X˜ with L˜N = OX˜(D˜), then Y is a smooth projective scheme
liftable over W (k).
Proof. It is similar to that of [Xie11, Theorem 4.1].
Corollary 4.13. Let X be a smooth projective toric variety, and L an invertible sheaf
on X. Let N be a positive integer prime to p, and D an effective divisor on X with
LN = OX(D) and Sing(Dred) = ∅. Let π : Y → X be the cyclic cover obtained by
taking the N -th root out of D. Then Y is a smooth projective scheme liftable over
W (k).
Proof. It is similar to that of [Xie11, Corollary 4.4].
By Corollary 4.13, we can obtain a large class of smooth projective varieties liftable
over W (k). We give an easy example to illustrate this idea.
Example 4.14. Let X = Pnk , L = OX(1) and N a positive integer such that n ≥ 2,
(N, p) = 1 and N > n+2. Let H be a general element in the linear system of OX(N).
Then H is a smooth irreducible hypersurface of degree N in X with LN = OX(H).
Let π : Y → X be the cyclic cover obtained by taking the N -th root out of H.
Then by Corollary 4.13, Y is a smooth projective variety liftable over W (k). By
Hurwitz’s formula, we have KY = π
∗(KX +
N−1
N H). Since the degree of KX +
N−1
N H
is N − (n+ 2) > 0, KY is an ample divisor on Y , hence Y is of general type.
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